Intertwining operators and the representations of SL(2, R)  by Sally, Paul J
JOURNAL OF FUNCTIONAL ANALYSIS 6, 441-453 (1970) 
Intertwining Operators and the Representations of Sf(2, R) 
PAUL J. SALLY, JR.* 
Department of Mathematics, University of Chicago 
Communicated by Irving Segal 
Received September 5, 1969 
The irreducible unitary representations of SL(2, R) were originally deter- 
mined by Bargmann. The infinitesimal methods of Bargmann were later applied 
by Pukanszky to determine all the irreducible unitary representations of the 
universal covering group of SL(2, R). In the present note, it is shown that 
a study of the intertwining operators relating two unitarily equivalent members 
of the principal series of irreducible unitary representations of the covering 
group leads naturally to global realizations of all the irreducible unitary repre- 
sentations of X(2, I3), in particular the discrete series. The irreducibility and 
square integrability of the discrete series, realized in this form, are easily 
proved, and the characters of the discrete series are computed by using the 
generating function for Jacobi polynomials. All the irreducible, finite dimen- 
sional representations of X.(2, R) also appear naturally in the above context. 
The present construction gives an interesting geometric explanation of the 
classical picture in which pairs of members of the discrete series occur at so- 
called integral points. 
1. INTRODUCTION 
As originally constructed by Bargmann [l], (also see [l I], Ch. VI) 
the principal series of continuous unitary representations of SL(2, R) 
are realized as representations of 
on ~8 = L2(T), T the unit circle in C. The representations are given 
by maps 
a t-+ Q&, 4, a= ( 1 
ff ’ EGO, 
% c 
h = 0, g, SEiR, 
* The author was partially supported by NSF grant GP-8855 during the preparation 
of this work. 
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where, for f E X, we have 
These representations are all irreducible except for the case h = 4, 
s = 0. The operators Uh(a, s) may actually be defined for any half- 
integer h and any s E C, and the map a t+ Uh(a, s) defines a repre- 
sentation of G, by bounded operators on Z’. This representation is 
unitary if and only if s E iR. 
It is well-known ([l], pp. 616-620, [ll], pp. 304-305) that the com- 
plementary series of irreducible unitary representations of G, can be 
obtained by utilizing the operators U,,(a, s), s E R, 0 < s < 4, and 
redefining the inner product on X so that these operators are isometric 
on &+ with respect to this new inner product. The complementary 
series are then realized on the completion of $! with respect to this 
inner product. 
The representations of the principal series corresponding to (h, s) 
and (h, - s) are unitarily equivalent, Thus, there is a unitary operator 
A,(2s) on &? such that 
&(W U,(a, s) = Uh(@, - s> &(W for all aEGO. (1.2) 
The intertwining operators A,(2s), defined originally for s E iR, 
can be continued analytically in the parameter s into the domain 
Re(s) > 0, and the equation (1.2) holds in this domain ([lo], Ch. II). 
It is shown in [lo] that the complementary series arise naturally 
through a detailed study of the intertwining operators. We note that 
a study of intertwining operators for general semisimple Lie groups 
has been carried out by Kunze and Stein [7], and these results have 
been used by Kunze [6] to construct certain classes of complementary 
series.l 
There is yet another series of irreducible unitary representations of 
G, called the discrete series. These representations do not seem to 
arise from the principal series in the natural way observed for the 
complementary series. The discrete series do arise as follows ([5]). At 
certain points, called integral points, whose coordinates are given by 
{(h, s) : h = 0, s = L 9 2 2, 2, ’“’ 1 
{(A, s) : h = g, s = 1, 2, 3 ,... } 
(1.3) 
1 Similar results have been obtained recently by A. W. Knapp and E. M. Stein for 
semisimple Lie groups of real rank one. 
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there is a subspace s$~,~ of S, with finite codimension, which is 
invariant under the operators Uh(u, s), a E G,, . The representation 
of G, induced on this subspace is the direct sum of two representa- 
tions, each of which is infinitesimally equivalent to a member of the 
discrete series. Actually, it is not difficult to give global realizations 
of these representations at the integral points ([8], p. 510, [ll], 
pp. 305306). The subspaces S’L& can be determined easily from the 
intertwining operators A,(2s). 
The intertwining equation (1.2) shows that the orthogonal com- 
plement Vh,S of s$‘$~ in 2 is invariant under the operators UJa, - s). 
Thus a finite dimensional representation of G,, is induced on Vh,8, 
and all finite dimensional irreducible representations of G, are 
obtained by this process. 
The principal aim of this note is to emphasize the role of the inter- 
twining operators in determining all the irreducible unitary repre- 
sentations of G, in a global form, as well as determining all the irre- 
ducible finite dimensional representations of G, . We show that these 
representations can be obtained by continuing the operators of the 
principal series and changing the norm on a subspace of S determined 
by the intertwining operators. Our basic guide is the determination of 
subspaces of 2 on which the operators Uh(a, s) act and on which the 
operators A,(2s) are positive definite. In this process, we obtain an 
interesting geometric explanation of the occurence of pairs of mem- 
bers of the discrete series at the integral points (1.3). 
The entire construction outlined above becomes more tractable if 
we consider the universal covering group G of Go. The irreducible, 
unitary representations of G were classified by Pukanszky [9]. By 
working on G rather than G, , we can define operators similar to (1.1) 
for any (h, S) E C2. This permits us to utilize analyticity in h as 
well as s. 
Throughout, we rely heavily on the results of [lo]. By representa- 
tion, we always mean continuous representation. The symbol (a 1 .) 
without subscripts always denotes the usual inner product on &. 
2. INTERTWINING OPERATORS 
The universal covering group G of Go may be parameterized as 
follows ([I], p. 594; [lo], Ch. II) 
G={(y,w):y~C,Iyl <l,w~R}. (2.1) 
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The natural action of G on T is given by 
(2.2) 
where a = (y, w) E G. 
For any pair (h, S) E C2, we define operators on SP by 
[ Uh(u, s)f] (eie) = e-liwh (: -,‘::zy)‘” (1 - j y j2)++s j 1 + eiei; j-1-2sf(eio * a), 
(2.3) 
a = (y, w) E G, f E Z’. For each pair (h, s), the map a I+ Uh(a, S) 
defines a continuous representation of G by bounded operators on X’ 
and, for fixed a, (h, S) I-+ U ( h a, s is an analytic operator valued func- ) 
tion on C2 ([lo], L emma 2.2.2). We note that by setting y = B/CL, 
o = arg 01 in (2.3), we obtain the representations of Go given by the 
operators (1.1) for h = 0, 4. For any half-integer h, (2.3) defines a 
representation of G, . 
For any fixed s EC, we see easily that 
U,+,(a, s) = MU,(a, s) M-1 for all a E G, (2.4) 
where M is the shift operator Mf(&) = e@f(ei”). 
The principal series of irreducible unitary representations of G 
are obtained from (2.3) by taking h E R, - -!J < h < Q and s E iR 
(h = +i, s = 0 g’ Ives a reducible representation). The representations 
corresponding to (h, S) and (h, - S) are unitarily equivalent ([9], 
p. 104), and the intertwining operators relating these representations 
are defined as multipliers on the Fourier series off E S? ([lo], p. 39). 
We have 
Ah(2s)f(eie) = t h-,(2$, h)f,eine, 
~n=-cc 
(2.5) 
where f, is the n-th Fourier coefficient off, and 
S(S + h + s) r(n + t + h - s) 
h,(2sp h)= qg + h - s) qn + 4 + h + s) 
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Remark. We have X,-,(24 h) = 1 and X,(0, *) = - 1 for n < 0. 
This last fact, together with (iv) of Lemma (2.1) which holds when 
h = 4, proves the reducibility of the representation corresponding to 
h = 8, s = 0. 
Now let 63 be the domain in C2 defined by 
$3 = {(h, S) E C2 : Re(s) > 0, - 4 - Re(s) < Re(h) < B f Re(s)}. (2.7) 
The following Lemma details the properties of the operators A,(2s) 
which are needed for our discussion. 
LEMMA (2.1). Suppose (h, s) E 9. Then 
(i) the operator A,(2s) dejned by (2.5) is a bounded operator on 2. 
(ii) For Re(s) > 0, (h, ) s t-+ A,(2s) is an analytic operator valued 
function. This map is continuous on 9. 
(iii) Ah(2s)* = A,424 (* denotes the adjoint operator). 
(iv) A,(2s) UJa, s) = U,(a, - s) A,(2s), for all a E G. 
(v) If (h, s) is an integral point, A,(2s) is ofjnite rank. This rank 
is 2s. 
Proof. The proof for the most part follows from the results of 
[IO], Ch. II and the properties of the gamma function. The main 
distinctions are the consideration of analyticity in h as well as s, and 
the observations about finite rank at the integral points. The reader 
can easily carry out the details. 
We now consider the behavior of the oeprators A,(2s) on the 
boundary of 9. Observe that, if n > 0, &(2s, h) has a pole at 
h = - + - s, and, if n < 0, X,(2s, h) has a pole at h = & + s. This 
leads us to the subspaces of 2 defined by 
We let A,*(2s) denote the operators on 2 defined by the projection 
onto H,h followed by A,(2s) ) Hz+, that is, for f E A?, 
Ah+(2s)f(eio) = f L,(2s, h)f,eine, 
n-0 
(2.9) 
A,-(2s)f(eie) = i A-,(2s, h)fneins. 
r&=--m 
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It is clear that A,*(2s) may also be regarded as operators on H,*. The 
natural domains for the study of the operators A,*(2s) are 
25 = {(A, s) ECU : Re(s) > 0, Re(h) < 3 + Re(s)), 
9 = {(A, s) E C2 : Re(s) > 0, Re(h) > - & - Re(s)}. 
(2.10) 
LEMMA (2.2). (i) F or any pair (h, s) E W, the operator A,*(2s) 
is a bounded operator on J? (and hence on Hz&), and the map 
(h, s) t+ Ah+(~) is an analytic operator valued function on B*. 
(ii) For any f, g E Hz& and any pair (h, s) E LB, 
(&*@) U&, s)f I g) = (UP&, - 4 &*(L)f I g) for d a E G. 
(iii) If (h, s) E R2 n 9+ and h < 8 - s, then 
A,+(2s) is positive dejnite on H,+. 
(iv) If (h, s) E R2 n 5% and h > - i + s, then 
432s) is positive dejnite on H,-. 
f+oof. (i), ( iii , and (iv) are simple consequences of the properties > 
of the gamma function. We give the proof of (ii) in the case of A,+(2s), 
(h, s) E 9+, and f, g E H, +. The proof for A,-(2s), (h, s) E 9-, and 
f, g E H,- is similar. 
For (h, s) E 9 and f E Hz+, we have 
A,(24 U& S)f = U*(% - s) &(24f = U&, - 4 &+wf 
by Lemma (2.1), (iv). Furthermore, for g E H2+, 
(&Qs) U&G 4f I d = mL+w U&4 s)f I g>* 
Since (h, s) t+ A$(2s) Uh(a, s) and (h, s) t-+ UJa, - s) A,+(2s) are 
analytic on 9+, we may continue the function 
ML+w Uda, s)f I d - (U&> - 4 A+wf I 8) 
to all of 9+. Since this function is identically zero on 9, our conclusion 
follows. 
Remark. If we combine (iii) and (iv) of Lemma (2.2), we see that 
A&!s) is positive definite when (h, s) E R2, - 8 < h < 8, 
O<s<&-lh[. To gether with Lemma (2.1), (iv), this leads to 
the complementary series for G (see [lo], Ch. II). 
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3. FINITE DIMENSIONAL REPRESENTATIONS OF Go 
If (h, s) is an integral point, we define a 2s-dimensional subspace of 
sf bY 
(3.1) 
THEOREM (3.1). If (h, s) is an integral point, then V,,8 is invariant 
under the operators Uh(a, - s), a E GO . Thus, corresponding to each 
integral point (h, s) there is a Jinite dimensional representation of G,, 
given by the operators (1 .l). Th ese representations are irreducible and 
exhaust all the finite dimensional irreducible representations of Go . 
Proof. One checks easily that, if (h, s) is an integral point, 
X,(2s, h) = 0 if and only if 1 n + h 1 > s + $. It follows that V,,8 
is the range of A,(2s). If v E V, s, then v = A,(2s) w  for some w  E%‘. 
But then, from Lemma (2.1), (iv), it follows that 
Uh(a, - s) v = uh(a, - s) Ah(&) w  = Ah(b) Uh(a, s) w  E vh,, 
for all a E G, . Thus a ti Uh(a, - s) defines a representation of G, 
On vh,8 . 
The proof of irreducibility of the above representations follows 
from an argument similar to that given in [3], Ch. VII and [ll], 
Ch. VI. We give the proof in the case h = 0. The case h = 4 is similar. 
Define pm(eie) = eims, m E 2. Then {p, : 4 - s < m < s - +j is a 
basis for VO,S. Let 
a maximal compact subgroup of G, . The restriction of U,(*, - s) to K 
is unitary on V,, with respect to the usual inner product. Furthermore 
72,(/z, - s)f(eie) = eizGmf(eie) for all h= (; ,4)EK 
if and only if f = cp, , where c is a constant. Suppose V, is a non- 
trivial invariant subspace for the representation U,(., - s). Then 
V, = V,l is invariant under the restriction of U,,(*, - s) to K. 
It follows that, for any pm in the above basis for V0,8, pm E V, or 
Pm E v,, since, if pm has a nontrivial orthogonal decomposition 
pm = v1 + ZJ~ , v1 E Vl , v2 E V, , then 
U,(k, - s) vi = ei24mvg , j= 1,2. 
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Suppose pin E V, . Then, for a = (; &) E G, , 
CX(a, ~- s) pm(@) E (eie/j + E)Pmm (@a + /II),+~ epipe, 
where p = s - 8. Expanding this last expression as a trigonometric 
polynomial, we obtain 
Uo(a, - s) pm(eie) = i eiYUo(a, - 4 h I f4, 
12=-p 
where the matrix coefficients are given by 
If 
i 
cash t sinh t 
a= 
i sinh t cash t ’ t >o, 
it is clear that all the matrix coefficients above are non-zero. This 
contradicts the invariance of I’, and proves the irreducibility of the 
representations U,(., - s). 
To show that the above list exhausts all finite dimensional irre- 
ducible representations of G, , we observe that 
[ 
(fJ - 4! 
(p - my 
(p + 4 y2 ( Uo(a, - s) pm ) Pn) 
(p + my 
yields precisely the matrix coefficients listed by Bargmann ([I], 
p. 630) for the irreducible, finite dimensional representations of G, 
(our parameter p corresponds to Bargmann’s j). This completes the 
proof of the theorem. 
Remark. It is easy to see that Xh,s , the orthogonal complement of 
Vh,s in 2 is not invariant under the operators Uh(a, - s). However, 
an argument similar to that in the proof of Theorem (3.1) shows that 
2h,s is invariant under the operators Uh(a, s). The space L@$$,~ can be 
further reduced into two invariant subspaces on which the inner 
product may be redefined to yield representations of the discrete 
series (see [8] or [ll], Ch. VI). These facts are made clear by the 
results of the following section. 
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4. THE DISCRETE SERIES 
In Lemma (2.2), (iii) and ( ), iv we observed that the restricted inter- 
twining operators A,*(2s) are positive definite operators on the spaces 
Hz* for (h, s) in certain subsets of 9 j-, The following theorem indicates 
at which points of these subsets the operators Uh(a, s) act on the 
spaces Hz*. 
THEOREM (4.1). (i) If s E R, s > 0, and s = - 8 - h, then the 
operators Uh(a, s), a E G, act on Hz+. 
(ii) Ifs E R, s > 0, and s = - i + h, then the operators Uh(a, s), 
a E G, act on H,-. 
Proof. We consider the case s = - 4 - h. The other case is 
similar. Suppose p,(eie) = eine, n > 0. Then, for a = (y, u) E G, 
Since [ y 1 < 1, we may write this last expression as 
(constant) (1 + eis#h eine ll z:Tj 
( 
= (constant) ( f (T) (7)” eike) (f (- l>j (y)j eije) ( i0 (“,j yPei(+~Je) 
k=O j=o 
where the first two series are absolutely convergent. Note that 
( 1 
‘k” = (- 1)” m - 24 
T(K + l)T(- 2h) - 
This proves the theorem. 
Now, for h E R, h < - &, and f, g E Hz+, we define 
(f I gh = (&+(- 1 - 2Nf I g>* 
Similarly for h E R, h > 4, and f, g E Hz-, we define 
(4.1) 
(f I gh = (4-(- 1 + Wf I g>* (4.2) 
It follows from Lemma (2.2), (iii) and (iv), that (* I .)h is a positive 
definite hermitian form on Hz+ for h < - 9, and Hz- for h > 8. 
We denote the completion of Hz+ or H,- with respect to (* 1 .)h by 
H 2,h . (We note that the space H2,h corresponds to the space H,,-, 
in [lo], pp. 17-18.) 
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THEOREM (4.2). (i) Th e map at+ U,(a, - + - h), h < - $, 
defines an irreducible unitary representation of G on Hz,h . 
(ii) The map a I-+ Uh(a, - & + h), h > Q, defines an irreducible 
unitary representation of G on H2,h . 
Proof. It follows from Lemma (2.2) (ii), and the fact that 
Uh(a, s)* = UJ(a-l, - S) ([lo], p. 36) that the operators 
U,(a, - $ T h) are isometric on Hz* with respect to (* / .)h . For 
instance, for h < - 4, s = - i - h, and f, g E-H~+, “- 
(Way s)f I Uh(a, 4 g)h = G4hW uh(a, 4f I Uda, 4 g) 
= (U& - 4 &+Wf I &(a, s) 8) = (A+(Wf 
The operators Uh(a, - $ r h) can be extended uniquely to unitary 
operators on H2,A . The continuity of the resulting representations 
follow from [lo], L emma (2.2.2). The irreducibility of these repre- 
sentations can be proved in a manner similar to that of the finite 
dimensional representations in Theorem (3.1) (see [3], Ch. VII and 
[ll], Ch. VI). 
Remarks. (i) Using (2.3), we see easily that the representations 
U&P - & i h), 1 h j > $, correspond to the representations 
U*(a, - h) constructed in [lo], Ch. II, Section 5. These are 
Pukanzsky’s representations in the class DFb, , ( h j > + ([9], pp. 105 
4 106). In particular, when h = f 1, & z, & 2 ,..., we obtain irre- 
ducible unitary representations of G, . These representations are 
precisely the discrete series for G, . The form of the operators of the 
discrete series as given in [l], Section 9 or [lo], Ch. I can be obtained 
from (2.3) by substituting y = /3/a, w  = arg 01, or, from (1.1) by 
substituting the appropriate values for s. 
(ii) There are also representations of G indexed by the real 
parameter h in the range 0 < 1 h j < &. In this case, s < 0 on the 
lines s = - i & h and the operators A,*(- 1 f 2h) are unbounded 
on H,*. Thus, we take f E H2* such that A,*(- 1 & 2h) f E He*. 
These functions form a closed subspace of Hz&, and we may work on 
these subspaces as we did for / h 1 > 8 above. The resulting represen- 
tations along with the principal series, complementary series and the 
representations of Theorem (4.2) exhaust all the irreducible unitary 
representations of G up to unitary equivalence ([9], Part I). Only the 
representations for ( h [ > 9 appear in the Plancherel formula for 
G [91* 
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(iii) The matrix coefficients of the representations 
a ++ Uh (4 - 3 IL h) for a= tanh&O) ( 
are given in [lo], pp. 91-92. A simple computation shows that the 
behavior of these matrix coefficients is on the order of e-lhlf as t -+ co. 
It follows that the matrix coefficients are square integrable over G, 
for ] h 1 > 4 (we use the Haar measure on G, given in [l],p. 597).This 
shows, in particular, that for h = f 1, & $, f 2 ,..., we obtain 
square integrable representations of G, . The precise form of the 
diagonal matrix coefficients with respect to an appropriate orthonormal 
base is 
i 
( 
t PI 
1 - tanh2 2) F (- n, 2 1 h 1 + n; 1; tanh2 +) , 
a = tanh -!- 0 
%&> = ( 
( ) 2’ ’ 
ei(n-h)l * , a= o,- 
( 1 2 ’ 
h<-+ 
e-i(n+h)ti, * u= o,-, 
l ( 1 2 
h>& 
where n = 0, 1,2 ,..., and F(a, b; c; z) is the hypergeometric function 
([2], Ch. II). It is interesting to note that, by introducing a convergence 
factor r, 0 < r < 1, we can compute 
by using the standard generating function for the Jacobi polynomials 
when a = (tanh t/2, 0) (see [2], p. 81). If we then set 
O&z) = lii O(r, a), 
we get, for any regular element a, 
i 
e--t(lh[-l/2) 
&I2 - e-t/z ’ 
a = 
( 
tanh4 
2 
e-i(h-1/2)tb 
&l/2 _ @b/2 ) 
TO), t > 0, 
h<-;, 
h>+. 
452 SALLY, JR. 
For any half-integer h, j h j > &, O,(a) is the character of the cor- 
responding representation of the discrete series of G,, (see [4], Ch. II, 
[5], and [9], Part. III). 
5. DISCRETE SERIES AT THE INTEGER POINTS 
By using equation (2.4), we can realize the representations 
Uh(u, - Q i h) on the lines s = - 4 + m - h or s = - Q + K + h 
respectively, where m and K are positive integers. For example, 
Uh+m(a, s) = MmU,(a, s) AL?, so that, for s = - & + m - h, 
Uh+m(a, s) acts on the subspace of Z defined by functions of the form 
Cl, a,eins. Similarly, for s = - 4 + K + h, the operators U,-,(a, s) 
act on the subspace of 8 defined by functions of the form 
CiE-, aneine. By a suitable shift of the intertwining operator, 
the inner product can be defined so as to make these operators 
unitary and yield the representations of Theorem (4.2). 
In particular, the lines s = - * + m - h and s = - i + m + h, 
m >, 1, intersect at the integral points corresponding to h = 0, and 
the lines s==-++m+l-h and s=-++m+h, m>l, 
intersect at the integral points corresponding to h = 9. This explains 
the occurence of pairs of representations of the discrete series of G, at 
the integral points. 
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